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axial symmetry. It is feasible that trial solutions of this
problem could consist of the sum of axisymmetric solutions
and solutions that are periodic in the azimuthal angle; bihar-
monic functions with these properties are well known.

A formulation that utilizes as many standard solutions as
possible is essential to advanced applications of techniques
that rely on closed-form solutions. The Galerkin stress func-
tions probably admit more standard solutions than any other
formulation, but the literature apparently lacks a simple
direct derivation of these functions under conditions that are
just sufficiently general to cover engineering applications.
Ordinarily, stress functions are obtained inversely, but re-
cently De La Penha and Childs? derived the axisymmetric
Love stress function directly from the equations of equilib-
rium. In this Note the Galerkin stress functions will be de-
rived directly from Navier's equations for the fully three-
dimensional case, assuming a finite body. The Love stress
function emerges as a special case for axial symmetry in
cylindrieal coordinates.

Let the body occupy a finite region, R, bounded by an outer
closed surface which may contain inner closed surfaces. Let
the displacement vector, u, be a point function that, along
with its derivatives, is single valued, finite and continuous in
R and vanishes outside B. With ¢« = 20 — »)/{(1 — 2v)

(r = Poisson’s ratio), the homogeneous parts of Navier’s
equations® may be written
vV + (a — 1) grad diva = 0 1)
By Helmbholtz’s theorem? there exist ¢ and V such that
u = A(grade¢ — a curlV) (2)

where A (5= 0) is an arbitrary constant. The representation
Eq. (2) is not unique, because ¢ is defined only up to a con-
stant and V is defined only up to a gradient vector. So with-
out loss of generality, put

V= curlU 3)

It is required to express ¢ genefally in terms of u. KEvidently
u is unaffected by the addition of an arbitrary gradient vector
to U. This gradient vector can be chosen so that

¢ = divU (4)

forif U = U’ 4 gradW, then ¢ = div0’ 4+ v W and the
validity of Eq. (4) rests on the solution of Poisson’s equation.
From the conditions imposed on u and the relationships of ¢
and U to u, ¢ and divU’ must be finite and continuous in R
and may be set equal to zero outside R, hence the standard
solution,

W = x)~t fffe r(divU’ — ¢)dV
is valid.  Equations (2-4) give
u = A(grad divU — « curl curlU)
hence
u = A[vU — (a — 1) curl curlU] (5)

On substituting u from Eq. (5), Eq. (1) reducesto A a v4U =
0. The case » = 1 may be included by choosing 4 = 2v —
1,s0forv = 1 ‘

ViU =0 ( (6
and Eq. (5) becomes

u = grad divU — 2(1 — »)VU @)

Equation (7) [subject to Eq. (6)] is the Galerkin solution.
In Cartesian coordinates the components of Eq. (6) are the
biharmonic Galerkin stress functions. In cylindrical co-
ordinates, r, 0, z with unit vectors a, b, ¢, respectively, let U
=Uya-+ Usb+ Uz;c. Then

divO = oU/or + Uy/r 4 r~10U,/080 4 oU;/0z
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and
veU = {veU, — Uy/rt — 2r—20U,/00}a +
{2r—U, /00 + V2U, — Ux/r%b + v2Usc

So if Uy = Us = 0U3/08 = 0, the solution reduces to the
axisymmetric solution with U; as the Love stress function,

The conditions imposed on B and u are not the most general
for which the Galerkin solution is valid, but the preceding di-
rect-derivation applies to most situations of practical interest.
The transformation® of the Galerkin solution to the Neuber—
Papkovich solution is insufficient to establish generality, be-
cause the expression

u = grad div0 — (1 — 2») gradF — 2(1 — »)VU

also satisfies Eq. (1) provided that v2(v?U + gradF) = 0,
and similarly may be transformed to the Neuber—Papkovich
solution. - It is not obvious that F is disposable. For» = %,
u does not contain F, but diva = 2» — 1)V2(divU + F), and
the limit as » > 4 of divu/(1 — 2») oceurs in the linear ex-

pressions for the direct stresses.
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Nomenclature

m”re/k In(1 + B)

transfer number, ¢(1% — T)/Q

coefficients in £* expression, Eq. (11)
constant pressure heat capacity

diameter of the droplet

mass flow rate at injection per unit duct area
thermal conductivity of the gas

mass flow rate per unit area in a plane laminar flame
mass flow rate per unit area at the droplet surface
Prandtl number

exponent in £* expression, Eq. (11)

latent heat of vaporization of the propellant
Reynolds number, 2Gr,/u

droplet radius

adiabatic burnt temperature

droplet surface temperature .

time

gas velocity and droplet velocity, respectively
ou/G

axial distance

r/ro

viscosity of the gas
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£ = kIn(l + B)pz/ricpiG; £ = 2p2*/(Pr)ps
p,p1 = densities of gas and liquid, respectively

x = /G

Subscript

o = state at injector plane

Superscript

* = condition when the droplets disappear

Introduction

LTHOUGH combustion in a bipropellant rocket motor is
rather well understood (see, e.g., Refs. 1-4), similar
progress in the case of monopropellant rocket motors seems
lacking, perhaps due to the involved burning rate dependence
on the droplet radius. In this Note we consider the problem
of monopropellant rocket combustion under some idealized
conditions. Using the burning rate expression given by the
“thin-flame’’ model of Spalding and Jain,® the governing
equation is obtained for the decrease of the droplet radius r.
Considering the process of droplet drag and the conservation
of mass, governing equations for droplet velocity » and gas
velocity u are written. The equations are cast in dimension-
less form and integrated numerically to obtain the variations
of u, v, and r along the combustion chamber length under vari-
ous initial conditions and chamber pressures. The length of
the combustion chamber required for the droplets to disap-
pear completely is obtained for the case of hydrazine droplets.
Based on the numerical results obtained, an expression for
the combustion chamber length is suggested as a function of
the parameters involved, namely, injection velocity, initial
droplet size, transfer number, and Reynolds number. This
simple expression--agrees with the numerical results to an
accuracy of about 79, in the practical range of parameters.

Formulation

We consider an idealized rocket motor wherein droplets of
uniform size are injected with a uniform velocity v. As they
move through the chamber, they decrease in diameter as a
result of combustion, and, therefore, the gas mass flow rate
increases from zero at the injector plane to a maximum at the
plane where the droplets finally disappear. The droplets are
initially slowed down by friction with the gas, and as u begins
to exceed v as a result of droplet vaporization and combustion,
the droplets are accelerated once again. Finally, as the drop-
lets disappear, v — u.

It is assumed that the process is steady, adiabatic and one-
dimensional. The state of the gas is taken to be that of com-
bustion products of monopropellant in equilibrium, and
turbulent mixing in the longitudinal direction and the kinetic
energy of motion are neglected. Under these conditions the
governing equations take the following form.

The decrease of the droplet radius is given by®:

v_(dr/dx) = —(k/cp) In(1 + B)(a/r)¢ (1)
a=1[2+ 4 + (42 + 44)2]/2 @)
¢ =1 + 0.276(pju — v|D/w)112Pr13] 3)

where ¢ is to aceount for the forced convection.®
The change of droplet velocity is governed by*:

v(dv/dz) = (9/2)(u/r)(w — v)Pe 4)

where the factor, ® = (m”.rc/k)/(e™"e/* — 1), is to correct
for the reduction in drag due to outward mass transfer.?
The mass conservation equation can be written as

pU = G(l - 7'3/7’03) (5)

Introducing the following dimensionless transformations:
¢ =r/ro, x = /G, & = (k/riepG)px In(1 + B), W =
pu/G =1 — 3, and Rey = 2Gre/u, the governing equations
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Fig. 1 The variation of £ with p.

are rewritten for the purpose of numerical integration as
(@?/dE) = —Qa/x)[1 + 0.245(Reo| W — x[|0)2]  (6)

ae Ay
JE = de -+ 3.15(!1 x)[1 4+ 0.245 X

(ReolW — x[0)"1la/{(1 + B)y* — 1ix] (7
where Pr = 0.7 has been used which is true for most gases, and

A = Ao 8

fl

The initial conditions are

£=0:=1L{x=x (9)

For a given propellant and chamber pressure we obtain B
and A /r from Ref. 5, and the choice of the initial droplet size
7o specifies 4o. Fixing the values of injection velocity x, and
Reynolds number Req determines the initial condition and the
parameters involved in the problem. The variations of drop-
let radius, droplet velocity and gas velocity are obtained
along the combustion chamber length by numerically inte-
grating the differential Eqgs. (6) and (7) with the initial con-
ditions Eq. (9) and using Eq. (8). £%*, the value of £ where
¢ = 0, is also obtained; it is the dimensionless combustion
chamber length.

Results and Discussion

Figure 1 presents £*' for hydrazine for xo = 0.5 and 1.5,
Reo = 50 and 200, 7, = 0.005 and 0.01 ¢cm, and 1 < p < 60
atm. Here £*' is a modified combustion chamber length,

¥ = 2p2*/Prp, = £*Regry/In(1 + B) (10)

From Fig. 1, it is seen that as pressure increases, £*' decreases,
and hence more so the combustion chamber length decreases.
Furthermore, this effect of pressure seems to be larger for
larger values of each of the parameters xo, 7o, and Re,.

The plot of £* vs Ao (not shown here), 4, being varied by
varying p, was found to be insensitive to 7, variations, the
other parameters having specified values. This leads to the
conclusion that the £* vs A, relationship is almost unaffected
by p and 7o variations; however, both £* and 4, depend on p
and ro. In other words, other parameters being fixed, 4,
specifies £*) no matter what combination of p and r, gives this
A,.

A systematic and detailed study of the dependence of £* on
the parameters in the case of hydrazine led to the following
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correlation:
£* = (axo + b)(1 + 0.245Re!%)* a1)
where
a = 0.504(2.0 + Ag)%4%»
b = 0.177(1.5 4+ Ay°"
and

P =129 — 0.815/x xo> 1
= 0462 + 0.013/x0 X0 < 1

This relationship for £* agrees with the numerical results ob-
tained within 7%,.
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Thermal Mission Analysis for
the Lunar Module
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HERMAL mission analysis for the Apollo Lunar Module

(LM) uses the Grumman Thermal Analyzer (GTA), a For-
tran program for the IBM 360/75. This program operates
on basic LM ascent-stage and descent-stage thermal net-
works, which have ~700 and 400 lumped-mass nodes, re-
spectively; most of these nodes are conductively and radia-
tively coupled with several other nodes. A mission consists
of numerous timeline events, among which the thermal
events (window shade deployments, hatch openings, rocket
engine firings, electronic equipment actuations, etc.) are
called parameter changes, since they are accomplished by de-
fining new values for some of the basic parameters: conduc-
tors, radiators, and heat sources. In general, a thermal net-
work is defined at the time of a parameter change, and the
GTA calculates the transient thermal response until the next
parameter change.

For a typical Apollo mission, ~5000 data cards for these
parameter changes are used for the LM ascent stage. Since
one mispunched or misplaced card can invalidate a computer
run, thermal mission analysis is confronted with a serious
data handling problem. One approach to reduce the amount
of data to manageable levels was to reduce the size of the
thermal networks.! These simplified networks were found to
be useful tools for rapid parametric design analyses. Both
simplified and basic networks have been verified by full-scale
thermal vacuum testing (for earth orbital and lunar landing
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missions) as well as by previous Apollo flights. For manned
missions, however, the analyses are performed with the basic
thermal networks, since a much greater level of detail is re-
quired. Thus, it became necessary to take another approach
—namely to automate and link the generation, manipulation,
and interpretation of data. This approach is the one de-
scribed in this Note.

Thermal Mission Analysis

Thermal mission analysis is accomplished in three steps:
1) the generation of detailed mission timeline data by T-CUP
(Timeline and Consumable Usage Program),? 2) scanning this
data for thermal significance by TSP (Timeline Scanning Pro-
gram), and 3) the determination of thermal mission con-
straints by the GTA.

The T-CUP details every planned functional change with
respect to time for the anticipated mission. Thus, timeline
data concerning astronaut activity schedules, consumable
b dgets and other mission related data are available (nearly
n real time) to prepare and modify the various LM
mission timelines (both nominal and contingency) and
to determine the usage of expendables. To establish total
electrical power consumption, T-CUP generates the usage
mode of every equipment on the LM. This detailed mode
history of 125 pieces of equipment as well as relevant astro-
naut/spacecraft activity and consumables are recorded on an
output tape (Thermdmp).

The TSP searches the T-CUP output tape for thermal
events such as rocket engine firing duration, cabin pressuriza-
tion, fan operation, glycol coolant loop operation, and equip-
ment on-off switching related to heat dissipations in order to
determine times for parameter changes for the GTA program.
With these times established, the TSP time-averages the
equipment heat loads for the duration of the parameters and
transmits this information as well as other thermal data (i.e.,
rocket engine firing, ete.) to the GTA by means of a compati-
ble output tape. Some equipments have as many as 8 modes
of operation and a particular mode may yield heat inputs to
as many as 13 network nodes. Also, a particular network
node may receive heat input from several different equip-
ments. For a typical mission, over 3000 data cards were re-
quired previously to represent all equipment heat input
changes. The TSP yields even more detailed information on
its Thermdmp output tape (totally eliminating keypunch and
card handling errors) as well as defining function control vari-
ables (described below) for other thermally significant events.

Thermal mission constraints can be found from the output
of the GTA. The thermal data of the TSP output tape to-
gether with the basic network representation and typically 30
cards (primarily launch conditions, thermal blanket insula-
tion effectiveness, and spacecraft orientation with respect to
the sun-earth-moon at various mission times) serve as input
to the GTA. The printed output of lumped-mass-node tem~
perature histories and vehicle heat fluxes, as well as CRT data
display curves, can be used to determine if thermal specifica-
tion limits have been exceeded.

To improve the data handling capability of the GTA, it was
recognized that a complex thermal network in principle is
identical to a simple analytical model that is suitable for hand
caleulations. However, with the more complex model it is
usually necessary to do many operations for which one suf-
fices in the simple model. Since many thermal events require
fixed blocks of data (i.e., combinations of temperatures,
masses, conductors, radiators, and heat sources) they can be
handled with subroutines triggered by only one variable.
With the addition of data handling subroutines to the GTA,
it is now possible to control about 25 thermal events for the
ascent stage network and 20 events for the descent stage net-
work through single function control variables. (For an
ascent stage rocket engine control variable specified as “327,”
the GTA subroutines will consider this to be a 327-sec engine



